For each integer n ≥ 1 we construct a closed unknotted Piecewise Linear curve Kn in R 3 having less than 11n edges with the property that any Piecewise Linear triangluated disk spanning the curve contains at least 2 n−1 triangles.
Introduction.
We show the existence of a sequence of unknotted simple closed curves K n in R 3 having the following properties:
• The curve K n is a polygon with at most 11n edges.
• Any Piecewise Linear (PL) embedding of a triangulated disk into R 3 with boundary K n contains at least 2 n triangular faces.
The existence of such disks has implications to the complexity of geometric algorithms. For example, it shows that algorithms to test knot triviality by searching for embedded disks in the complement need to deal with disks containing exponentially many triangles. Thus the exponential bounds on the size of the normal disks that are used in [1] , [3] , [4] , [5] , [6] cannot be replaced with polynomial bounds. Approaches to other problems, such as the word problem for 3-manifold groups, are generally based on a search for a disk with boundary a given curve, and our result may indicate why such searches seem to be computationally difficult.
A result of this type was announced in [8] , but the geometric analysis suggested there seems to be difficult to establish rigorously. In particular, there is a mismatch between the base case and the inductive step that can be avoided by more topological arguments. The methods used here to construct the knots K n and to establish their properties are based on ideas from the classification of diffeomorphisms of surfaces [2] , [9] .
2 A braid, a diffeomorphism and a train track.
To construct K n , we begin with the 4-braid α = σ 1 σ −1 2 , depicted in Figure 1 . Associated to α is a diffeomorphism ϕ of the 4-punctured sphere, that consists of a counterclockwise half-twist interchanging the first two punctures, followed by a clockwise half-twist interchanging the second two punctures. One tool for understanding diffeomorphisms of surfaces is invariant train tracks. We will use only elementary ideas from the theory of train tracks; for further discussion see [9] , [7] .
A train track is a 3-valent graph that is embedded on a surface with the edges (called tracks) embedded smoothly and the three tangent directions at a vertex (called a switch) lining up. Train tracks have fibered neighborhoods, that are fibered by intervals transverse to the edges.
A curve is carried by a train track if it can be isotoped into a fibered neighborhood so as to be transverse to the fibers. Thus a curve carried by a train track is roughly parallel to the train track, though it can run many times around the tracks. A curve carried by a train track is associated to a set of weights, which are non-negative integers assigned to each edge of the train track that count the number of times the curve runs over that track (edge) in either direction. .t each switch, the weight of the one "incoming" track is the sum of the weights of the two "outgoing" tracks. Therefore, knowing the weights for any two tracks near a vertex determines the weight for the third.
In a similar manner, one train track is carried by another train track if the first can be isotoped into a fibered neighborhood of the second to lie transverse to the fibers. A train track is invariant for a diffeomorphism of a surface if the image of the train track can be isotoped to be carried by the original train track.
For example, the diffeomorphism ϕ on the 4-punctured sphere has an invariant train track T , which is depicted in Figure 2 . The weights associated with train track T are completely determined by an arbitrary assignment of two positive integers, labeled a and b in Figure 2 . Once these are assigned, all other weights are determined by the switching conditions.
To understand the iterates of ϕ we study the image of T under ϕ. The image ϕ(T ) can be isotoped to be transverse to the fibers in the fibered neighborhood Lemma 1 A curve carried by T with weights a 0 ≥ 0 and b 0 ≥ a 0 is carried by the action of ϕ n to a curve carried by T with weights a n and b n satisfying a n ≥ 2 n a 0 and b n ≥ 2 n b 0 .
Proof: Under the action of ϕ the weight a transforms into the weight a+b ≥ 2a and the weight b transforms into 2b + a ≥ 2b. The result follows by iterating n times. Figure 3 has image under ϕ n that intersects the closed curve E on the 4-punctured 2-sphere in at least 2 n+1 points for n ≥ 1.
Corollary 2 The curve δ depicted in

Proof:
The curve ϕ(δ) is carried by T with weights a = 1, b = 2 and Lemma 1 can be applied to it and its iterates. So ϕ n (δ) is carried with weights greater than a = 2 n−1 , b = 2 n . Finally we notice that the intersection of E with the train track T cuts across branches with total weight at least 2a + 2b. The theory of train tracks now implies that the curve E intersects any curve on the 4-punctured sphere which is isotopic to a curve carried with weights a, b in at least 2a + 2b points. Since 2a + 2b ≥ 2b ≥ 2 n+1 , the result follows.
The curves δ and ϕ(δ) on a sphere with four punctures. Figure 4 has image under ϕ n that intersects the closed curve E on the 4-punctured 2-sphere in more than 2 n−1 points.
Corollary 3 The arc γ depicted in
Proof: We first replace the arc γ by the simple closed curve δ 0 that is isotopic to the boundary of its regular neighborhood. The minimal number of intersections of an arc isotopic to γ with E is at least half of the minimal number of intersections of δ 0 and E. The image of δ 0 under ϕ is δ and the result follows from Corollary 2. 3 Construction of the unknots.
We now construct the knots K n .
The knot K 0 is constructed by closing off the top and bottom of the trivial four string braid to form a knot, as in Figure 5 . The knot K n is constructed by taking a braid representing α n above the xy-plane and joining it to a braid representing α −n below the xy-plane, and finally capping off as before to get an unknot. So K n is the result of capping off the four string braid (
n with four arcs. Geometrically, we can arrange for each copy of α to have height one, measured along the z-axis, and for the upper and lower arcs to have heights one or two. Then the total height of K n is 6n + 4.
Theorem 4
The unknot K n contains less than 11n edges for each n. Let D n be any embedded PL triangulated disk bounded by K n . Then D n contains at least 2 n−1 triangles.
Proof:
The knot K n can be constructed with no more than 11n straight segments as follows: Four segments at the top and four at the bottom cap off the braid. A single segment forms the fourth strand. The first three strands are formed from 2n copies of α, each copy requiring five segments for the first three strands. The total number of segments needed is therefore less at most 10n + 9 < 11n for n > 0. To prove the second statement, will show that the number of intersections of the y-axis with a smooth standard disk F n is at least 2 n−1 , and, finally, that the number of intersections with D n is at least as many. For each fixed n, K n bounds a smooth disk in R 3 that we call the standard disk F n . This disk is swept out by the two upper arcs of K n as they are isotoped down through each level set of the height function z, joining together to form a single arc when z = −n − 1. Alternately, F n can be obtained by taking the flat disk F 0 bounded by K 0 , stretching it to make a U-shape in the z-direction of height 2n + 4, with minimum at z = −n − 2 and maximum at z = n + 2, giving F 0 ′ , and performing n iterations of ϕ above the xy-plane followed by n iterations of ϕ −1 below the xy-plane.
By tilting the z axes slightly, if necessary, we can assume that that the z coordinate of R 3 defines Morse functions on the knot K n and disk F n , and that Morse singularities do not occur at integer coordinates.
It is convenient to consider the intersection of F n with a family of spheres rather than planes. Since D n and F n are compact, we can assume that they lie inside a ball of radius R centered at the origin, for some fixed R > 0. For −R < t < R, let S t denote the sphere formed by taking the disk {(x, y, z) : x 2 + y 2 ≤ R, z = t} and capping it to form a convex 2-sphere that encloses the point (0, 0, −2R). See Figure 6 . The height function given by the z coordinate has no interior critical points on F n . All critical points occur at the critical points of K n . This property suffices to completely determine the isotopy classes of the two arcs of S t ∩ F n in the 4-punctured sphere S t . Just below t = n + 2 the single arc γ t in S t ∩ F n is isotopic (rel boundary) in S t to the arc γ depicted in Figure 4 . This is the unique isotopy class of arcs connecting the two points of S t ∩ F n . If we project the planar part of S t to the planar part of S t−1 , then the construction of F n ensures that γ t−1 coincides with the projection of ϕ(γ t ). So as t decreases to 0, the projection of the isotopy class of γ t to the xy-plane is acted upon by ϕ n times.
Let E denote the intersection of S 0 with the yz-plane. The curve E separates the four points of intersection of S 0 and K n into two pairs, p 1 , p 2 and p 3 , p 4 . The standard disk F n intersects E in at least 2n points by Corollary 3.
What remains is to show that the given PL disk D n also intersects E in this many points. We will use some basic results of Morse Theory to show this, so we will need to replace D n by a smooth (C ∞ ) disk. By perturbing D n by an isometry of R 3 that is close to the identity, we can assume that D n intersects the curve E transversely in a finite number of points, and that these points are in the interiors of triangular faces of D n . The disk D n can be approximated by a disk D ′ n which is smooth in its interior, that coincides with D n in a neighborhood of each of these intersection points and which remains disjoint from the other points of E. It therefore suffices to show that any such smooth disk D ′ n meets E in at least 2 n−1 points. After an arbitrarily small perturbation of R 3 we may assume that the height function z restricts to a Morse function on D with the spheres S t at non-critical levels consist of a collection of simple closed curves and up to two arcs, all of which are contained in the flat part of S t .
As t decreases from ∞, S t may meet D ′ n in some simple closed curves. When t = n + 2, the sphere S t begins to intersect K n = ∂D ′ n , and as t decreases there is first one, then two arcs in S t ∩ D ′ n , along with a possibly empty collection of simple closed curves.
Just below t = n + 2 the single arc φ t in S t ∩ F n is isotopic to the arc γ depicted in Figure 4 . As t decreases to zero, we will see that the arc φ t remains isotopic to the arc γ t in S t .
The isotopy class of φ t may change at a critical level set {t = c}. The possible changes in isotopy class of an arc which occur when descending from S c+ǫ to S c−ǫ are: 1. A move past a saddle critical point connects the arc to a simple closed curve.
2. A move past a saddle critical point connects the arc to itself.
3. A move past a saddle critical point connects the arc to the other arc of
In each of the first two cases we can observe that the isotopy class of φ t on S t does not in fact change, so that φ t remains isotopic (rel boundary) to γ t below the critical level. The surface in which φ t lies is either a twice-punctured 2-sphere, in the case where there is only one arc, or a 4-punctured 2-sphere, in the case where K n ∩ S t contains four points. In the first case there is a unique isotopy class for φ t . In the case of a 4-punctured 2-sphere, there may be many isotopy classes for φ t in the complement of the punctures. We need to show that this isotopy class does not change as we pass a saddle critical point. Both above and below the saddle critical point, φ t lies in the complement of the second arc of intersection. Removing an arc from a sphere results in a surface homeomorphic to an (open) disk, and there is a unique isotopy class of arcs connecting any two points in a disk. So the isotopy class of φ t in the complement of the second arc, and therefore in the 4-punctured sphere S t , remains unchanged by a saddle move in either of the first two cases. The third case may change the isotopy class of the arc, since it affects both arcs at once. However the third type of critical point occurs for at most one critical value, since otherwise D ′ n would contain a handle and not be homeomorphic to a disk. If the third type of critical point does not occur for t > 0, we can conclude that φ 0 is isotopic in S 0 to γ 0 , and intersects E in at least as many points. If it does occur for t > 0 then there is no such critical point for t < 0 and we can flip the knot and disk K n upside down. When we do this the braid part of the knot K n is preserved, since α is transformed into its inverse α −1 by this reflection. Thus only the segments closing off the braid at its top and bottom are changed. We then repeat the argument replacing δ with a curve which forms the boundary of a neighborhood of the initial arc of the flipped D ′ n ∩ S t with t just below n + 2, As t decreases to just below t = n + 1, this arc isotops to one which connects the punctures p 1 , p 4 , instead of the punctures p 1 , p 2 connected in the previous case. The boundary of a neighborhood of the new arc is isotopic to the boundary of a neighborhood of an arc connecting the punctures p 2 , p 3 , giving a curve δ ′ 0 which is carried with weights a = 1, b = 0 by T . The curve δ ′ = ϕ(δ ′ 0 ) is carried by T with weights a = 1, b = 1, each as large as the weights with which T carried δ, so the previous reasoning carries over with δ ′ replacing δ. In both cases the curve E intersects D n only in the xy-plane, where E is a line segment, and the number of points of intersection is at least 2 n−1 . Thus D n must contain at least 2 n−1 triangles, as claimed. Remarks:
1. If the disk is allowed to have self-intersections, or if a surface of any genus is allowed, the number of triangles required to span K n grows linearly with n.
2. The number of Reidemeister moves required to unknot any knot constructed with n polygonal edges has an exponential upper bound derived in [4] . However for the particular K n constructed above, the number of Reidemeister moves grows linearly with n.
3. The argument actually establishes somewhat better estimates. K n has at most 10n + 9 segments and the number of triangles contained in any disk spanning it grows faster than a constant times φ 2n−2 , where φ is the golden ratio.
